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Abstract: Hamiltonians describing the relativistic quantum dynamics of a particle with an arbitrary spin1
are shown to exhibit a supersymmetric structure when the even and odd elements of the Hamiltonian2
commute. For such supersymmetric Hamiltonians an exact Foldy-Wouthuysen transformation exits3
which brings it into a block-diagonal form separating the positive and negative energy subspaces. Here4
the supercharges transform between energy eigenstates of positive and negative energy. The relativistic5
dynamics of a charged particle in a magnetic field is considered for the case of a scalar (spin-zero)6
boson obeying the Klein-Gordan equation, a Dirac (spin one-half) fermion and a vector (spin-one) boson7
characterised by the Proca equation.8
Keywords: Relativistic Wave Equation; Klein-Gordan Equation; Dirac Equation; Proca Equation;9
Supersymmetry10
1. Introduction11
Soon after the formulation of non-relativistic quantum mechanics by Heisenberg, Born, Jordan and12
Schrödinger in 1925 and 1926, Klein [1] and Gordon [2] made first attempts to develop a relativistic13
quantum wave formalism. This Klein-Gordon equation is known to have certain deficits for its quantum14
mechanical interpretation but nowadays is well accepted as being the correct quantum wave formalism15
for spin-zero particles. To overcome the problems of the Klein-Gordan equation, Dirac in 1928 [3,4]16
made an ansatz for a wave equation being linear in the time derivative and thus found his famous17
equation describing the relativistic quantum dynamics of spin one-half fermions. The relativistic spin-one18
equation, also known as Proca equation, has been developed by Proca [5] in 1936. In the same year Dirac19
[6] and later Fierz and Pauli [7,8] investigated relativistic wave equations for arbitrary spin. See also20
the later work by Bhabha [9]. A group theoretical discussion of such wave equations was then given by21
Bargmann and Wigner in 1948 [10].22
In their fundamental work in 1950 Foldy andWouthuysen [11] constructed a unitary transformation23
which separates the positive and negative energy states, that is, the Dirac Hamiltonian became24
block-diagonal. This work has triggered the study of the Hamiltonian form for the other wave equations.25
For example, Foldy [12] investigated the Klein-Gordan equation and Feshbach and Villars [13] made a26
unified approach to a Hamiltonian form of the Klein-Gordan and Dirac equation. The Hamiltonian form27
for the Proca equation has been studied by various authors including Duffin [14], Kemmer [15], Yukawa,28
Sakata and Taketani [16,17], Corben and Schwinger [18], as well as by Schrödinger [19]. The problem of29
restoring a block-diagonal Hamiltonian via a so-called exact Foldy-Wouthuysen (FW) transformation for30
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a particle with an arbitrary spin is still attracting many researchers. See, for example the recent work by31
Silenko [20] and Simulik [21] and references therein.32
It is well-known [22,23] that the Dirac Hamiltonian for a spin- 12 particle in a magnetic field exhibits33
a N = 2 supersymmetric (SUSY) structure and can be put into a block-diagonal form via an exact FW34
transformation. Here, the supercharges transform between positive and negative energy eigenstates and35
the eigenvalue problem of the Dirac Hamiltonian can be reduced to that for the non-relativistic Pauli36
Hamiltonian. The SUSY structure for the Klein-Gordon equation based on work by Feshbach and Villars37
[13] has briefly been discussed by Thaller in section 5.5.3 of his book [22]. See also the more explicit38
discussion by Znojil [24].39
In the current paper we will generalise this formalism to relativistic Hamiltonians with arbitrary40
spin. For this we will recall in the next section the basic structure of such Hamiltonians. In section41
3 we then show that whenever the odd part commutes with the even part of this Hamiltonian it is42
possible to construct a N = 2 SUSY structure very similar to what is know for supersymmetric Dirac43
Hamiltonians [23]. It is also shown that there exists an exact FW transformation bringing the Hamiltonian44
into a block-diagonal form. In section 4 we explicitly discuss the cases of a charged spin-zero, spin45
one-half and spin-one particle in an external magnetic field. In all three cases, which cover all the46
currently known charged elementary particles, we find that the eigenvalue problem of the relativistic47
Hamiltonian can indeed be reduced to that of a non-relativistic one. Section 5 discusses the resolvent of48
supersymmetric relativistic Hamiltonians and again shows that for the three cases under consideration49
the Green’s function in essence may be reduce to that of the associated non-relativistic Hamiltonian.50
Finally in section 6 we present a short conclusion and an outlook for possible further investigations and51
in the appendix we collect some useful relations for the spin s = 1 case which are not that commonly52
known.53
2. Relativistic Hamiltonians for arbitrary spin54
In the Hamiltonian form of relativistic quantum mechanics one puts the wave equation into a
Schrödinger-like form
ih¯∂tΨ = HΨ . (1)
The Hamiltonian in above equation in general is of the form
H = βm+ E +O , (2)
where β2 = 1 acts as a grading operator and m standard for the particle’s mass. In addition to the mass
term βm the operator E represents the remaining even part of the Hamiltonian, that is, it commutes
with the grading operator, [β, E ] = 0. The operator O denotes the odd part of H and obeys the
anticommutation relation {β,O} = 0. For a particle with spin s, s = 0, 12 , 1, 32 , . . ., the Hilbert space
H on which H acts is given by
H = L2(R3)⊗C2(2s+1) , (3)
that is, the wave function Ψ in (1) is a spinor with 2(2s+ 1) components [20]. Let us note that we can
decompose the Hilbert space H into a direct sum of the two eigenspaces of the grading operator β with
eigenvalue +1 and −1, respectively,
H = H+ ⊕H− , H± := L2(R3)⊗C2s+1 . (4)
Obviously, H± are simultaneously the subspaces where eigenvalues of H are positive and negative,55
respectively.56
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For simplicity let us put the relativistic Hamiltonian (2) into the form
H = βM+O , (5)
wherewe have absorbed the massm in the evenmass operatorM := m+ βE with [β,M] = 0. Let us note57
here that above Hamiltonian is self-adjoint, i.e. H = H†, only for the case of fermions where s = 12 ,
3
2 , . . .58
is a half-odd integer. For bosons, where s takes integer values, the Hamiltonian is pseudo-hermitian, that59
is, H = βH†β.60
Choosing a representation where β takes the diagonal form
β =
(
1 0
0 −1
)
, (6)
then the even and odd operators obeying [β,M] = 0 and {β,O} = 0 are necessarily of the form
M =
(
M+ 0
0 M−
)
, O =
(
0 A
(−1)2s+1A† 0
)
, (7)
where M± : H± 7→ H± with M†± = M± is an operator mapping positive and negative energy states
into positive and negative energy states, respectively. Whereas A : H− 7→ H+ maps a negative energy
state into a positive energy state and A† : H+ 7→ H− vice versa. With above representation the general
relativistic spin-s Hamiltonian then takes the form
H =
(
M+ A
(−1)2s+1A† −M−
)
. (8)
In the following section we will show that under the condition that the even and odd parts commute,61
i.e. [M,O] = 0, the above Hamiltonian (8) exhibits a N = 2 supersymmetric structure and allows for an62
exact Foldy-Wouthuysen transformation.63
3. Supersymmetric relativistic Hamiltonians for arbitrary spin64
Let us now assume that the even mass operator M and the odd operator O commute, that is,
[M,O] = 0. This condition implies that
M+A = AM− , A†M+ = M−A† . (9)
As a consequence of this the squared Hamiltonian (8) becomes block diagonal
H2 =
(
M2+ + (−1)2s+1AA† 0
0 M2− + (−1)2s+1A†A
)
. (10)
Inspired by the construction of a SUSY structure for supersymmetric Dirac Hamiltonians [23] let us
introduce the following SUSY Hamiltonian
HSUSY :=
(−1)2s+1
2mc2
(H2 −M2) = 1
2mc2
(
AA† 0
0 A†A
)
≥ 0 (11)
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and the complex supercharges
Q :=
1√
2mc2
(
0 A
0 0
)
, Q† =
1√
2mc2
(
0 0
A† 0
)
. (12)
Here m > 0 is an arbitrary mass-like parameter, representing, for example, the mass of the relativistic
particle in (2). It is obvious that these operators generate a transformation between positive and negative
energy states. A straightforward calculation shows that these operators together with the Witten parity
operatorW := β form a N = 2 SUSY system, that is,
HSUSY = {Q,Q†} , {Q,W} = 0 , Q2 = 0 = (Q†)2 , [W,HSUSY] = 0 , W2 = 1 . (13)
Let us note thatM under condition (9) commutes with all operators of above algebra and thus constitutes65
a center of the SUSY algebra (13). Hence, a relativistic arbitrary-spin Hamiltonian (8) obeying the66
condition (9) may be called a supersymmetric relativistic arbitrary-spin Hamiltonian.67
Let us also note that for a supersymmetric relativistic arbitrary-spin Hamiltonian there exists an
exact Foldy-Wouthuysen transformation U which brings (8) into the block-diagonal form [20]
HFW := UHU† = β
√
H2
=


√
M2+ + (−1)2s+12mc2H+ 0
0 −
√
M2− + (−1)2s+12mc2H−

 , (14)
where the partner Hamiltonians H± are defined by
H+ :=
1
2mc2
AA† , H− :=
1
2mc2
A†A . (15)
In fact, it is known that under condition [M,O] = 0 the exact Foldy-Wouthuysen transformation is
explicitly given by [20,25]
U :=
|H|+ βH√
2H2 + 2M|H| =
1+ β sgnH√
2+ {sgnH, β} , sgnH :=
H√
H2
. (16)
As a side remark let us mention that the four projections operators
P± := 12 [1±W] , Λ± := 12 [1± sgnH] , (17)
projecting onto the subspaces of positive/negative Witten parity and positive/negative eigenvalues of H,
respectively, are related to each other via the same unitary transformation as H and HFW
P± = UΛ±U† . (18)
That is, the positive and negative energy eigenspaces are transformed via U into spaces of positive and
negative Witten parity. In fact, one may verify that U may be represented in terms of these projection
operators as follows
U =
P+Λ+ + P−Λ−√
(P+Λ+ + P−Λ−)(Λ+P+ + Λ−P−)
. (19)
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The non-negative partner Hamiltonians H± ≥ 0 are essential isospectral which means that their
strictly positive eigenvalues are identical. The corresponding eigenstates are related to each other via a
SUSY transformation. To be more explicit let us assume these are given by
H±φ±ε = εφ±ε , φ±ε ∈ H± , ε > 0 , (20)
then the SUSY transformation reads [23]
φ+ε =
1√
2mc2ε
Aφ−ε , φ−ε =
1√
2mc2ε
A†φ+ε . (21)
Note that the energy eigenvalue ε may be degenerate and above relations are valid for each of these
energy eigenstates. We omit an additional index in φ±ε enumerating such a degeneracy. In addition, both
partner Hamiltonians H± may have a non-trivial kernel, that is, there may exist one or several eigenstates
with
H±φ±0 = 0 . (22)
In this case SUSY is said to be unbroken [23]. For these ground states, again we omit the index for a
possible degeneracy, there exists no SUSY transformation relating φ+0 and φ
−
0 . The breaking of SUSY can
be studied via the so-called Witten index ∆ [23], which in the current context is identical to the Fredholm
index of A, if it is a Fredholm operator, that is,
∆ ≡ ind A := dimker A− dimker A† = dimkerH− − dimkerH+ . (23)
Obviously a non-vanishing Witten index indicates that SUSY is unbroken. In connection with [22]
dimker (Q+ Q†) = dimker A+ dimker A† = dimkerH− + dimkerH+ (24)
the kernels of H±, that is, the number of zero-energy states of H± are known. In general, however, the68
operator A is not Fredholm and hence some regularized indices are studied [22,23].69
Due to the SUSY condition (9) the mass operators commutes with the associated partner
Hamiltonians, [M±,H±] = 0, and therefore have an identical set of eigenstates. Let us denote the
corresponding eigenvalues of M± by m±c2, that is
M±φ±ε = m±c2φ±ε , ε ≥ 0 , (25)
then obviously the eigenvalues and eigenstates of (14),
HFWψ
±
ε = E±ψ±ε , (26)
are given by
E± = ±
√
m2±c4 + (−1)2s+12mc2ε , ψ+ε =
(
φ+ε
0
)
, ψ−ε =
(
0
φ−ε
)
. (27)
Here let us note that the mass eigenvalues may depend on the energy eigenvalues, m± = m±(ε). Using70
the relation (9) in combination with the SUSY relation (21) and the above eigenvalue equation (25) one71
may verify thatm+(ε) = m−(ε) for all ε > 0. In essence this means that the spectrum of a supersymmetric72
relativistic Hamiltonian is symmetric about zero with a possible exception at ±m±(0)c2, that is if ε = 0,73
which may only occur in the case of unbroken SUSY.74
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The eigenstates of the original Hamiltonian (8) are then easily found via the unitary transformation75
Ψ
±
ε = U
†ψ±ε having the same eigenvalues E± given above. Hence, the eigenvalue problem of a76
supersymmetric relativistic spin-sHamiltonian can be reduced to the simultaneous eigenvalue problems77
for M± and H± on H±.78
It will turn out in the examples to be discussed below that the partner Hamiltonians H± and the mass
operators M± are in essence represented by a non-relativistic Schrödinger-like Hamiltonian HNR and/or
some constant operator. To be more precise we will show for all three case s = 0, 12 and 1 discussed below
that the FW-transformed relativistic Hamiltonian takes the form
HFW = βmc
2
√
1+
2HNR
mc2
(28)
with HNR representing the associate non-relativistic Hamiltonian as
lim
c→∞
(
P±HFWP± ∓mc2
)
= ± lim
c→∞
(
mc2
√
1+ 2HNR/mc2 −mc2
)
= ±HNR . (29)
4. Examples79
In below subsections we will consider a relativistic charged particle with charge e and mass m in an80
external magnetic field ~B := ~∇× ~A characterised by a vector potential ~A. The symbol ~π stands for the81
kinetic momentum, that is, ~π := ~p− e~A/c, where c denotes the speed of light. We will consider the case82
of a scalar particle with spin s = 0, a Dirac particle with s = 12 and a vector boson having spin s = 1.83
4.1. The Klein-Gordon Hamiltonian with magnetic field84
The Schrödinger form of the Klein-Gordon equation as been considered by Feshbach and Villars in
[13] where they have shown that the Klein-Gordon equation for a charged particle in a magnetic field can
be put into the Schrödinger form (1) where the pseudo-Hermitian Hamiltonian is given by
H =

 mc2 + ~π22m ~π22m
− ~π22m −mc2 − ~π
2
2m

 , H = L2(R3)⊗C2 . (30)
Comparing this with the general form (8) we may identify the operators M± and A as follows.
M± =
1
2m
~π2 +mc2 , A =
1
2m
~π2 . (31)
Obviously these operators are identical up to an additional constant M± = A + mc2 and hence the
condition (9), that is [M±, A] = 0 is trivially fulfilled. In other words the Klein-Gordon Hamiltonian (30)
for a charged scalar particle in the presence of an arbitrary magnetic field represents a supersymmetric
relativistic spin-zero Hamiltonian. Let us note that the two operators (31) in essence are given by the
Landau Hamiltonian HL := (~p− e~A/c)2/2m = ~π2/2m of a non-relativistic spinless charged particle of
mass m in a magnetic field, that is, M± = HL + mc2 and A = HL. As a consequence the eigenvalue
problem for (30) is reduced to that of HL. The FW transformed Hamiltonian explicitly reads
HFW =


√
(HL +mc2)2 − H2L 0
0 −
√
(HL +mc2)2 − H2L

 = βmc2
√
1+
2HL
mc2
. (32)
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Let us denote the eigenvalues of HL by ǫ then the eigenvalues of M± and H± = H2L/2mc
2 read
m±c2 = mc2 + ǫ , ε =
ǫ2
2mc2
(33)
and via relation (27) we find the eigenvalues of the Klein-Gordon Hamilonian
E± = ±
√
m2±c4 − 2mc2ε = ±
√
(mc2 + ǫ)2 − ǫ2 = ±mc2
√
1+
2ǫ
mc2
, (34)
which is a result expected from relation (32). For a non-vanishing constant magnetic field, say in
z-direction ~B = B~ez with B 6= 0, the eigenvalues of HL are the well-known Landau levels [26,27]
ǫ = h¯ωc
(
n+
1
2
)
+
h¯2k2z
2m
, n ∈ N0 , kz ∈ R , ωc := |eB|
mc
. (35)
As ǫ ≥ h¯ωc/2 > 0 so is ε > 0 and hence dimkerH− = dimkerH− = 0. In other words, the Witten index85
(23) vanishes and SUSY is broken for the Klein-Gordon Hamiltonian in a constant magnetic field.86
4.2. The Dirac Hamiltonian with magnetic field87
The Dirac equation representing the relativistic dynamics of spin- 12 fermions has intensively been
studied since its introduction. See for example the excellent book by Thaller [22]. For a charged particle
in an arbitrary external magnetic field the Dirac Hamiltonian reads
H =
(
mc2 c~σ · ~π
c~σ · ~π −mc2
)
, (36)
where ~σ = (σ1, σ2, σ3)T stands for a three-dimensional vector who’s components are given by the Pauli
matrices acting on C2, thus representing the spin- 12 degree of freedom. Comparing this with the general
form (8) we may identify the operators M± = mc2 and A = cσ · ~π = A† and note that condition (9) is
trivially fulfilled. Hence, the Dirac Hamiltonian (36) is indeed supersymmetric and its FW transformed
form is know [25] to be expressible in terms of the non-relativistic Pauli Hamiltonian for a spin- 12 particle
with Landé g-factor g = 2.
HP :=
1
2m
(~σ · ~π)2 = 1
2m
(~p− e~A/c)2 − eh¯
mc
~B ·~σ . (37)
Obviously the partner Hamiltonians can be identified with the Pauli Hamiltonian H± = A2/2mc2 = HP
and we find for the FW transformed Dirac Hamiltonian
HFW =


√
m2c4 + 2mc2Hp 0
0 −
√
m2c4 + 2mc2Hp

 = βmc2
√
1+
2HP
mc2
. (38)
As shown by Avron and Casher [28], for a magnetic field having only a z-component, ~B = B(x, y)~ez,88
the ground-state energy of HP is zero and the Witten index (23) in essence is given by the flux F =89 ∫
R2
dxdyB(x, y) measured in units of the magnetic flux quantum Φ0 := 2πh¯c/|e|. Hence SUSY is90
unbroken in this case. For details, see for example [23], where it is shown that the Pauli Hamiltonian91
for this magnetic field provides an additional SUSY structure within both subspacesH±.92
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Finally, for an electron (e < 0) in a constant magnetic field the eigenvalues of HP are well-known
ε = h¯ωc
(
n+
1
2
+ sz
)
+
h¯2k2z
2m
, n ∈ N0 , kz ∈ R , sz ∈ {− 12 , 12} , (39)
and the eigenvalues for (36) determined via (27) are the relativistic Landau levels first obtained by Rabi
in 1928 [29]
E± = ±
√
m2c2 + h¯2c2k2z + 2mc2h¯ωc(n+ 1/2+ sz) . (40)
The degeneracy for each set of quantum numbers (n, sz, kz) is given by the largest integer which is stricly93
less than |F|/Φ0 and is only finite in case the magnetic field has a compact support.94
4.3. The Spin-1 Hamiltonian with magnetic field95
Initiated by Proca’s work [5] several authors have studied relativistic spin-one wave equation. Let us96
mention here the work by Duffin [14], by Kemmer [15] and by Yukawa, Sakata and Taketani [16,17]. An97
early study of the eigenvalue problem is due to Corben and Schwinger [18]. A relativistic Hamiltonian98
was studied, for example, by Young and Bludman [30], by Krase et al [31] and by Tsai and coworkers99
[32,33]. The later work by Daicic and Frankel [35] presents an alternative solution to eigenvalue problem100
of the spin-one Hamiltonian in an external magnetic field. A recent treatment via FW transformation can101
be found in ref. [36].102
The Hamiltonian of a charged spin-one particle with a priori arbitrary g-factor is given by, see for
example [30,35,36],
H =

 mc2 + ~π22m − geh¯2mc (~S · ~B) ~π22m − 1m (~S · ~π)2 + (g−2)eh¯2mc (~S · ~B)
− ~π22m + 1m (~S · ~π)2 − (g−2)eh¯2mc (~S · ~B) −mc2 − ~π
2
2m +
geh¯
2mc (
~S · ~B)

 , (41)
where ~S = (S1, S2, S3)T is a vector who’s components are 3× 3 matrices acting on C3 and obeying the
SO(3) algebra [Si, Sj] = iε ijkSk representing the spin-one-degree of freedom of the particle. Again wemay
identify the operators
M± := mc2 +
~π2
2m
− geh¯
2mc
(~S · ~B) , A := ~π
2
2m
− 1
m
(~S · ~π)2 + (g− 2)eh¯
2mc
(~S · ~B) = A† . (42)
From now on let us assume that the magnetic field ~B is constant, i.e. ~A = 12~B×~r. Under this condition
one may verify that
[M±, A] = (g− 2) eh¯2m2c
[
(~S · ~B), (~S · ~π)2
]
. (43)
Hence, the condition (9) is fulfilled if g = 2. In other words the relativistic spin-one Hamiltonian (41) is
a supersymmetric Hamiltonian if the gyromagnetic factor is given by g = 2. For a detail discussion we
refer to the recent paper [37]. Here we remark that the "Vector Boson" Hamiltonian
HV :=
~π2
2m
− eh¯
mc
(~S · ~B) (44)
represents the non-relativistic Hamiltonian of a charged spin-one particle in a magnetic field with
gyromagnetic factor g = 2. Note that (44) is related to the quantity α introduced by Weaver [34] by
HV =
α
2m . That this is indeed the non-relativistic version of (41) was already mention in ref. [31]. With
this we have M± = HV +mc2 and with relation (3.18) and (3.19) from ref. [35], see also the appendix A, a
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straightforward calculation shows that A2 = H2V. That is, the partner Hamiltonians read H± = H
2
V/2mc
2
and the transformed FW Hamiltonian takes the form
HFW =


√
(HV +mc2)2 − H2V 0
0 −
√
(HV +mc2)2 − H2V

 = βmc2
√
1+
2HV
mc2
(45)
The eigenvalues of (44) are given by (we assume e < 0)
ǫ = h¯ωc
(
n+
1
2
+ sz
)
+
h¯2k2z
2m
, n ∈ N0 , kz ∈ R , sz ∈ {−1, 0, 1} . (46)
Hence the spectrum of the partner Hamiltonians H± is given by ε = ǫ2/2mc2 and SUSY is unbroken as
ǫ = 0 for n = 0, sz = −1 and kz = ±1/λL with λL :=
√
h¯/mωc =
√
h¯c/|eB| being the Lamor length [35].
That is, SUSY is unbroken for a spin-1 particle in a homogeneous magnetic field but the Witten index
remains zero as H+ = H− and therefore dimkerH+ = dimkerH− . The corresponding eigenvalues of
(41) are given by
E± = ±
√
m2c2 + h¯2c2k2z + 2mc2h¯ωc(n+ 1/2+ sz) , (47)
which is identical in form to the Dirac case (40) but sz now taking the integer values as given in (46). In103
fact, for kz = 0, n = 0 and sz = −1 above eigenvalues would become complex if |B| > m2c3/|e|h¯. This104
limit would imply λL < λC := h¯/mc, that is, the Lamor wavelength being smaller than the Compton105
wavelength of the vector boson. Note that confining a quantum particle to a region of the order of its106
Compton wavelength ∆x ∼ λC implies by the uncertainty relation a momentum fluctuation ∆p ∼ mc107
and thus a single particle description is no longer appropriate. In other words for such large magnetic108
fields a description via quantum field theory must be applied.109
5. The resolvent of supersymmetric relativistic arbitrary-spin Hamiltonians110
In this section we want to study the resolvent or Green’s function of supersymmetric relativistic
arbitrary-spin Hamiltonians defined as
G(z) :=
1
H − z , z ∈ C\specH . (48)
For this is it convenient to first look at the iterated resolvent which is given by
g(ζ) :=
1
H2 − ζ , ζ ∈ C\specH
2 (49)
and is related with (48) via the obvious relation
G(z) = (H + z) g(z2) . (50)
As H2 is block-diagonal so is g and hence it can be put into the form
g(ζ) :=
(
g+(ζ) 0
0 g−(ζ)
)
with g±(ζ) :=
1
M2± + (−1)2s+12mc2H± − ζ
. (51)
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As a result the resolvent (48) can be expressed in terms of (51) as follows.
G(z) =
(
(z+M+)g+(z2) Ag−(z2)
(−1)2s+1A†g+(z2) (z−M−)g−(z2)
)
. (52)
In the following subsections we will now explicitly consider the three cases discussed in the previous
section. It will turn out that for these three cases the diagonal elements g± of the iterated Green’s function
can be expressed in terms of the Green’s function of the corresponding non-relativistic Hamiltonian HNR,
that is,
g±(ζ) = 1
2mc2
GNR
(
ζ
2mc2
− mc22
)
, GNR(ξ) :=
1
HNR − ξ , ξ ∈ C\specHNR. (53)
Note that the relation ξ = z2/2mc2 − mc2/2, which can be put into the form z = ±mc2
√
1+ 2ξ/mc2, in111
essence reflects the relation (28).112
5.1. The resolvent of the Klein-Gordon Hamiltonian with magnetic field113
Following the discussion of the first example of section 4 we may express all relevant operators in
terms of the Landau Hamiltonian HL = ~π2/2m. Explicitly we have
M± = HL +mc2 , H± = H2L/2mc
2 , A = HL† , (54)
which results in the iterated resolvents
g±(ζ) :=
1
(HL +mc2)2 − H2L − ζ
=
1
2mc2
GL
(
ζ
2mc2 − mc
2
2
)
, (55)
where GL stands for the Green function of the Landau Hamiltonian in terms of which the Klein- Gordan
Hamiltonian reads
H =
(
mc2 + HL HL
−HL −mc2 − HL
)
. (56)
The Green’s function then reads in terms of the Landau Hamiltonian
G(z) =
1
2mc2
(
z+mc2 + HL HL
−HL z−mc2 − HL
)
GL
(
z2
2mc2
− mc22
)
. (57)
5.2. The resolvent of the Dirac particle in a magnetic field114
As in the above discussion let us first recall the observations made in section 4.2, that is,
M± = mc2 , H± = A2/2mc2 = HP , A = c~σ · ~π , (58)
which provide us with the components of the iterated kernel
g±(ζ) :=
1
2mc2HP +m2c4 − ζ
=
1
2mc2
GP
(
ζ
2mc2 − mc
2
2
)
, (59)
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where GP(ǫ) := (HP − ǫ)−1 is the resolvent of the non-relativistic Pauli Hamiltonian. In terms of this
Pauli Green’s function and the spin projection operator A the Dirac Green’s function can be put into the
form
G(z) =
1
2mc2
(
z+mc2 A
A z−mc2
)
GP
(
z2
2mc2 − mc
2
2
)
. (60)
Some explicit examples have been worked out in ref. [25].115
5.3. The resolvent of a vector boson in a magnetic field116
From subsection 4.3 let us recall the relevant operators as follows
M± = HV +mc2 , H± = H2V/2mc
2 , A =
~π2
2m
− 1
m
(~S · ~π)2 , (61)
where the vector Hamilton HV is given in eq. (44). Recalling that A2 = H2V we find for the iterated Green’s
functions
g±(ζ) := 1
(HV +mc2)2 − H2V − ζ
=
1
2mc2
GV
(
ζ
2mc2 − mc
2
2
)
(62)
with GV(ǫ) := (HV − ǫ)−1. The relativistic spin-one Hamiltonian explicitly reads
H =
(
mc2 + HV A
−A −mc2 − HV
)
(63)
and leads us to the Green’s function
G(z) =
1
2mc2
(
z+mc2 + HV A
−A z−mc2 − HV
)
GV
(
z2
2mc2 − mc
2
2
)
. (64)
6. Summary and Outlook117
In this work we have considered relativistic one-particle Hamiltonians for an arbitrary but fix spin
s and have shown that under the condition, that its even part commutes with its odd part, a SUSY
structure can be established. Here the SUSY transformations map states of negative energy to those
of positive energy and vice versa. This is different to the usual SUSY concepts in quantum field theory
where those charges transform bosonic into fermionic states and vice versa. As examples we have chosen
the physically most relevant cases of a massive charged particle in a magnetic field for the cases of a
scalar particle (s = 0), a Dirac fermion (s = 1/2) and a vector boson (s = 1). In the case of a constant
magnetic field SUSY is broken for s = 0 but remains unbroken for s = 1/2 and s = 1. The Witten
index is only non-zero in the Dirac case but vanishes for the bosonic cases discussed. However, all three
cases have resulted in the notable observation (28) that the FW-transformed Hamiltonian HFW is entirely
expressible in terms of a corresponding non-relativistic Hamiltonian HNR. As H2FW = H
2 the relativistic
energy-momentum relation can be put into the form
H2 = m2c4 + 2mc2HNR , (65)
which allows us to related HNR with the SUSY Hamiltonian (11).118
There naturally arises the desire to also study the higher-spin cases s ≥ 3/2. The corresponding119
free-particleHamiltonians have been constructed, for example, by Guertin [38] in a unifiedway. However,120
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as Guertin mentions, only for the cases discussed here, i.e. s = 0, 1/2 and 1, the corresponding121
Hamiltonians are local operators.122
Another route for further investigation would be to consider more exotic magnetic fields. For123
example, choosing an imaginary vector potential such that the kinetic momentum takes the form124
~π = ~p + imω~r in essence leads for s = 1/2 to the so-called Dirac oscillator, which is know to exhibit125
such a SUSY structure [25]. To the best of our knowledge the corresponding Klein-Gordon and vector126
boson oscillators have not yet been studied in the context of SUSY. Similarly, following the discussion127
of ref. [25] on the Dirac case, one may extend these discussion on a path-integral representation of the128
iterated Green’s functions to the bosonic cases s = 0 and s = 1.129
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Appendix A Some useful relations for the spin-one case133
In this appendix we present a few relations which provide some additional steps used in section
4.3. For an arbitrary magnetic field let us recall that the components of the kinetic momentum given by
πj = pj − (e/c)Aj obey the commutation relation
[πk,πl ] = (ih¯e/c) εklmBm (A1)
where we use Einstein’s summation convention for repeated indices. From this relation one may derive
the commutator [πk,~S · ~π] = (ih¯e/c) εklmSlBm which in turn leads us to[
~π2,~S · ~π
]
= (eh¯/c)[~S · ~B,~S · ~π] + (eh¯/c)SkSl (πlBk − Blπk) . (A2)
For an arbitrary magnetic field the components of the kinetic momentum do not commute with the
components of the magnetic field. However, if we now assume that the magnetic field is constant one
may commute in the last term these components. That is, under the assumption that ~B = const. we arrive
at [
~π2,~S · ~π
]
= (2eh¯/c)[~S · ~B,~S · ~π] , (A3)
which in turn results in [
~π2, (~S · ~π)2
]
=
2eh¯
c
[
(~S · ~B), (~S · ~π)2
]
. (A4)
Note that relation (A3) was already given in eq. (3.17) of ref. [35]. With the help of (A4) it is easy to
calculate the commutator
[M±, A] = (g− 2) eh¯2m2c
[
(~S · ~B), (~S · ~π)2
]
+ (2g− 2) eh¯
2m2c
[
~π2, (~S · ~B)
]
. (A5)
Noting that we have derived this under the assumption of a constant magnetic field the last commutator134
in above expression vanishes and hence we arrive at eq. (43). Note that [Sk, Sl ] = iεklmSm and therefore135
the first term on the right-hand-side above even for a constant magnetic field only vanishes when g = 2.136
With the assumption that themagnetic field is constant and utilising below properties of the spin-one
matrices
SiSjSk + SkSjSi = δijSk + δjkSi , ε ijkSiSjBk = i~S · ~B (A6)
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one may verify the relations (see eq. (3.18) and (3.19) in ref. [35])
(~S · ~π)4 =
(
~π2 − 2eh¯c (~S · ~B)
)
(~S · ~π)2 + eh¯c (~B · ~π)(~S · ~π) ,{
(~S · ~B), (~S · ~π)2
}
=
(
~π2 − eh¯c (~S · ~B)
)
(~S · ~B) + (~B · ~π)(~S · ~π) .
(A7)
Noting that for g = 2 we have
HV :=
~π2
2m
− eh¯
mc
(~S · ~B) , A = ~π
2
2m
− 1
m
(~S · ~π)2 (A8)
and with above relations (A7) immediately follows that A2 = H2V as claimed in the main text. Finally, let137
us mention the explicit form of the energy eigenfunctions can also be found in ref. [35].138
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